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IMMERSIONS OF 3-SPHERE INTO 4-SPACE ASSOCIATED WITH DYNKIN
DIAGRAMS OF TYPES A AND D
SHUMI KINJO
Abstract. We construct two infinite sequences of immersions of the 3-sphere into 4-space,
parameterized by the Dynkin diagrams of types A and D. The construction is based on im-
mersions of 4-manifolds obtained as the plumbed immersions along the weighted Dynkin
diagrams. We compute their Smale invariants and bordism classes of immersions by us-
ing Ekholm-Takase’s formula in terms of singular Seifert surfaces. In order to construct
singular Seifert surfaces for the immersions, we use the Kirby calculus.
1. Introduction
Composing the universal covering S 3 → M3 with an immersion M3 # R4 of a 3-
manifold M is a well known method to construct a nontrivial immersion of S 3 into R4
with desired properties. For instance, Milnor has studied in [12] immersions of the real
projective space RP3 into R4 and constructed an immersion f ◦ p : S 3 → R4 with even
normal degree by composing the universal double covering p : S 3 → RP3 and an immer-
sion f : RP3 # R4. In [11], Melikhov has constructed a similar immersion S 3 → R4 to
the one as above with non-trivial stable Hopf invariant. More precisely, he has defined an
immersion as the composite of the universal 8-fold covering q : S 3 → Q3 and an embed-
ding e : Q3 → R4 of the quaternion space Q3 = S 3/{±1,±i,± j,±k}. Ekholm and Takase
have constructed immersions of the lens space L(2n, 1) into R4 and computed the Smale
invariants of the immersions S 3 → L(2n, 1) → R4 by using a formula for Smale invariant
in terms of singularities of a singular Seifert surface ([2]). In this paper we define immer-
sions of lens spaces L(n, 1) and S 3/Dicn into R4, and determine the Smale invariants of the
immersions S 3 → L(n, 1) → R4 and S 3 → S 3/Dicn → R4, where Dicn is a finite subgroup
of S 3 called the dicyclic group. Note that the dicyclic group Dicn has the presentation
Dicn =
〈
a, x | an = x2, xax−1 = a−1
〉
,
and has order 4n.
L(n, 1) and S 3/Dicn appear naturally in the boundaries of 4-manifolds obtained by
plumbing. A plumbed 4-manifold is a manifold obtained by gluing two or more D2-bundles
over S 2 along their restricted bundles D2 × D2 with their bases and fibers interchanged
(Definition 3.7). We denote P(T,m1, . . . ,mn) the manifold obtained by plumbing the D2-
bundles over S 2 of Euler class mi along the weighted Dynkin diagram (T,m1, . . . ,mn). It
is known that the boundary of the plumbing along the Dynkin diagrams of types A and D
are
∂P(An−1, 2, · · · , 2) = L(n, 1),
∂P(Dn+2, 2, · · · , 2) = S 3/Dicn
(see [13, §6.2], [5, §8]).
We recall the construction of some immersions from [2]. Considering an immersion
of S 2 into R4 with (algebraically) k double points and taking its normal disk bundle, we
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obtain an immersion of the 2-disk bundle over S 2 of even Euler class m = 2k into R4 (see
[2]). Plumbing copies of these immersions, we obtain an immersion of P(T, 2ki) into R4.
If we take T = An−1 or Dn+2 and mi = 2, we obtain immersions κA,n : L(n, 1) # R4 and
κD,n : S 3/Dicn # R4. The composites of the universal coverings with κA,n and κD,n are
immersions of S 3:
fn : S 3 ։ L(n, 1)# R4,
gn : S 3 ։ S 3/Dicn # R4.
Let Imm[S m,RN] denote the group of regular homotopy classes of immersions of S m
into RN , where the group operation is induced by connected sum of immersions. The
Smale-Hirsch h-principle implies that the group Imm[S m,RN] is isomorphic to the mth ho-
motopy group πm(VN,m) of the Stiefel manifold VN,m of m frames in RN . The isomorphism
is given as taking the differential at each point of S m and is called the Smale invariant. In
particular, in the case studied in this paper:
Imm[S 3,R4]  π3(V4,3)  π3(SO4)  Z ⊕ Z,
the last isomorphism is due to the fact that SO4 is the trivial SO3-bundle over S 3 (see [14,
§22]).
Let Cob(m, N) denote the group of bordism classes of immersions of closed oriented m-
manifolds into RN , where the group operation is induced by disjoint union. The bordism
group Cob(3, 4) is isomorphic to the stable 3-stem via Pontryagin-Thom construction
Cob(3, 4)  πS3  Z24,
see [3, 17]. In order to compute the bordism class represented by an immersion f : S 3 →
R
4 we use the following maps:
π3(SO4) ι∗−−−−−→ π3(SO5) J−−−−−→ π8(S 5)  πS3 ,
where the map ι∗ : π3(SO4)  Z⊕Z→ Z  π3(SO5) is induced by the inclusion ι : SO4 →
SO5. It is known that ι∗ is given by (a, b) 7→ a + 2b (see [14]) and the J-homomorphism J
is surjective (see [6, p. 180]).
Theorem 1.1. The Smale invariants of the immersions fn : S 3 → L(n, 1) → R4 and
gn : S 3 → S 3/Dicn → R4, n > 0, are given by
Ω( fn) = (n2 − 1, 0) ∈ Z ⊕ Z,
Ω(gn) = (4n2 + 12n − 1, 0) ∈ Z ⊕ Z.
It follows in particular that fn and gn represent the elements
[ fn] = (n2 − 1) mod 24 ∈ Z24 ≈ πS3 ,
[gn] = (4n2 + 12n − 1) mod 24 ∈ Z24 ≈ πS3 .
Therefore, fn (resp. gn) generates the stable 3-stem if and only if n is a multiple of 6
(resp. 3).
The paper is organized as follows. In Section 2, we recall the formula for the Smale
invariant in terms of singularities which is given by Ekholm-Takase [2]. In Section 3,
we summarize some basic facts about Kirby calculus, which we use to construct singular
Seifert surfaces for fn and gn. In Section 4, we prove Theorem 1.1.
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2. Singular Seifert surfaces and Smale invariants in terms of singularities
2.1. Smale invariants in terms of singularities. Hughes and Melvin [7] have shown that
the Smale invariant of an embedding f : S 4k−1 →֒ R4k+1 is determined by the signature of
a Seifert surface for f . Ekholm and Szu˝cs [1] have generalized the result of [7] to the case
of immersions by introducing the notion of singular Seifert surfaces.
In [2], Ekholm-Takase has given a formula for the Smale invariant of an immersion
f : S 3 # R4 by using a singular Seifert surface for f .
Definition 2.1. Let f : S 3 → R4 be an immersion. A singular Seifert surface for f is
a smooth map F : V → R4 from a compact oriented 4-manifold V with ∂V = S 3 which
satisfies the following conditions;
(i) The restriction F |∂V to the boundary equals f .
(ii) F has no singularity near the boundary ∂V .
(iii) For any p ∈ V , the rank rk(dFp) of the differential
dFp : TpV → TF(p)R4
satisfies rk(dFp) ≥ 2, and points q with rk(dFq) = 2 are isolated.
We orient the boundary of an oriented manifold following the “outward normal first”
convention. An immersion f : S 3 → R4 comes equipped with a stable framing via the
orientation preserving bundle isomorphism ǫ1⊕TS 3  f ∗TR4, where ǫ1 denotes the trivial
line bundle. Then let n f : S 3 → S 3 denote the normal vector field of f which gives the
positive framing of ǫ1. The normal degree D( f ) is defined by:
D( f ) = deg n f .
Theorem 2.2 (Hughes [6], Kirby-Melvin [10], Takase [16], Ekholm-Takase [2]). Let
f : S 3 # R4 be an immersion and let F : V → R4 be a singular Seifert surface for f .
(a) [10, 16] The Hirzebruch defect H( f ) (of the stable framing induced by f ) satisfies
(2.1) H( f ) = −3σ(V) − ♯Σ2(F),
where σ(V) is the signature of V and ♯Σ2(F) is the algebraic number of rank 2 points
of F (see §2.2). In fact, the right hand side of (2.1) depends only on f , and does not
depend on the choice of singular Seifert surface.
(b) [6, 2] The Smale invariant of f is given by
(2.2) Ω( f ) =
(
D( f ) − 1, −H( f ) − 2(D( f ) − 1)
4
)
∈ Z ⊕ Z,
where D( f ) is the normal degree of f .
Remark 2.3. (a) In [6], Hughes has given the formula of the Smale invariant of immer-
sion f : S 3 # R4 which is defined as the restriction of the immersion F : V # R4 of a
compact oriented 4-manifold V with boundary ∂V = S 3 to the boundary. The formula
(2.2) is a generalized version of Hughes’ formula.
(b) By Poincare´-Hopf index theorem, if a singular Seifert surface F : V → R4 for an
immersion f : S 3 # R4 can be taken as an immersion, then the normal degree D( f )
of f satisfies
D( f ) = χ(V),
where χ(V) denotes the Euler characteristic of V (see [10, Theorem 2.2 (b)]).
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2.2. Stingley’s formula and Thom polynomial for umbilic singularities. Let g : M →
N be a smooth map between oriented 4-manifold whose rank 2 points are all isolated. In
[15], Stingley has studied singularities of smooth maps between oriented 4-manifolds. In
particular, he gave an integer indp(g), called the index, associated to an isolated rank 2
point p ∈ M, and defined the 4-dimensional Riemann-Hurwitz type formula for maps with
isolated rank 2 singularities (see [15, §2], [2, Definition 2.3]). We denote by Σ2(g) the
submanifold of rank 2 points of g and by ♯Σ2(g) the sum of the indices of rank 2 points of
the map g.
Theorem 2.4 (Stingley [15, Theorem I]). Let g : M → N be a smooth map between ori-
ented 4-manifolds with isolated rank 2 points and assume that M is closed. Then
(2.3) 〈g∗p1(N) − p1(M), [M]〉 = ♯Σ2(g),
where p1 denotes the first Pontrjagin class and [M] is the fundamental class of M.
Remark 2.5. It is known that a smooth generic map between oriented 4-manifolds has
only stable rank 2 singularities, called the hyperbolic and elliptic umbilics. The index of
a hyperbolic umbilic is −1, and that of an elliptic umbilic is +1. When g : M → N is not
generic, some umbilic points may degenerate, and non-umbilic rank 2 point might appear.
But, by perturbing g at non-umbilic rank 2 points, we can assume that all the isolated rank
2 points of g form the umbilic singularities. ♯Σ2(g) is unchanged by perturbation of g.
Let G : W → R4 denote a generic map of a closed oriented 4-manifold W, and let
♯Σ2,0(G) denote the sum of the indices of the umbilic points of the map G. The Thom
polynomial for umbilic singularities of G is the special case of (2.3):
(2.4) ♯Σ2,0(G) = −〈p1(W), [W]〉 = −3σ(W),
the last equation is obtained by Hirzebruch signature theorem.
For composition of maps, we have the following;
Lemma 2.6. Let f : L → M be a branched covering between compact oriented 4-
manifolds and let g : M → R4 be a smooth map. Assume that these maps are nonsingular
near the boundaries and the rank 2 points are isolated. If the intersection of the branched
locus of f and the singular set of g is empty, then
(2.5) ♯Σ2(g ◦ f ) = deg f · ♯Σ2(g) + ♯Σ2( f ).
Proof. Let S ( f ) and S (g) be singular sets of f and g. By the assumption f (S ( f ))∩ S (g) =
∅, we obtain
(2.6) Σ2(g ◦ f ) = f −1
(
Σ
2(g)
)
⊔ Σ2( f ).
Then f can be assumed to be a covering near f −1
(
Σ
2(g)
)
. In particular, f is a local diffeo-
morphism near each point p ∈ f −1
(
Σ
2(g)
)
. For any p ∈ Σ2(g), the preimage of p under f
is a finite set:
f −1(p) := {q1, . . . qk}.
If the orientation of the source manifold is changed then the index of each isolated rank 2
point changes its sign (see definition of the index [15, §2], [2, Definition 2.3]). Thus we
have
indqi(g ◦ f ) = ± indp(g)
where the sign is + (resp. −) if f preserves (resp. reverses) the orientations near qi. Hence-
forth, f −1
(
Σ
2(g)
)
contributes to ♯Σ2(g ◦ f ) by deg f · ♯Σ2(g). 
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Figure 1. Attaching spheres of 1-handles
±1
Figure 2. Move 1
3. Plumbing and Kirby diagrams
We will use the following notation throughout this paper. The total space of the 2-disk
bundle over S 2 whose Euler class is equal to −k will be denoted by E(ξ−k), and the 2-disk
bundle over RP2 of Euler number −k will be denoted by E(η−k). Then an orientation-
preserving double cover ρ∗ : E(ξ−2k) → E(η−k) can be obtained by lifting the double cover
ρ : S 2 → RP2. It is known that the boundary of E(ξ−k) is the lens space L(k, 1) and the
boundary of E(η−k) is S 3/Dick (see [13, §6.2], [5, §8]). Let M◦ denote a complement of an
open disk in a closed oriented 4-manifold M.
3.1. Kirby diagrams. A Kirby diagram is a description of a 4-dimensional 2-handlebody
consisting of one 0-handle and a number of 1- and 2-handles. If the attaching maps of 1-
and 2-handles are specified, then there exists essentially one and only one way to attach
3-handles and 4-handle to the 2-handlebody to form a closed 4-manifold. The attaching
spheres of 1- and 2-handles are depicted by pair of 3-balls and framed links in S 3, respec-
tively. Often it will be convenient to depict 1-handles by dotted circles as in Figure 1. For
the Kirby calculus refer to [4].
Definition 3.1. We denote by WL the 4-dimensional 2-handlebody represented by a framed
link L in S 3. Its boundary is denoted by ML := ∂WL.
The following two elementary operations on a framed link L, called Kirby moves, do
not change the 3-manifold ML (see [8]).
Move 1 Adding to or deleting from L an unknotted component with framing ±1 which is
separated from the other components by a 2-sphere. (see Figure 2)
Move 2 Replacing a component of L with its connected sum with a push-off of another
component along the boundary of some band in S 3. (see Figure 3, where ni denote
the framing of Li.)
Remark 3.2. (a) Adding a disjoint unknotted ±1 component to the link L corresponds to
taking connected sum of the 4-manifold WL and CP2 or CP2. This operation is called
blow-up and the inverse operation is called blow-down.
(b) Move 2 corresponds to changing the handlebody presentation by sliding one handle
over another.
Example 3.3. An unknotted circle with framing ±1 can be moved away from the rest of
the link L with the effect as drawn in Figure 4, by sliding arcs. In Figure 4, if the arcs
belong to different components of L, their framings increase by ∓1 each; if the arcs belong
to a single component, the framing change by either 0 or ∓4.
6 SHUMI KINJO
L1
L2
n1
or
n2
L′1 L2
n2
L′1 L2
n2
n′1:=n1+n2+2Link(L1 ,L2)
n′1:=n1+n2−2Link(L1 ,L2)
full n2-twist
full n2-twist
Figure 3. Move 2
+1 +1 −1 −1
L L
slide slide
Figure 4. Handle sliding
or
k+2 k−2
k
=
2k 0 0 0
=
2k+1 0 1 0
(a) (b)
(c) (d)
Figure 5. Examples; (a) E(ξk), (b) E(ηk), (c) (S 2 × S 2)◦ and (d) (S 2×˜S 2)◦
Example 3.4. In Figure 5 (a), an unknotted circle with framing k represents E(ξk). In
particular, CP2◦ and CP2◦ correspond to k = ±1. The 4-manifolds E(ηk), (S 2 × S 2)◦ and
(S 2×˜S 2)◦ are drawn as Figure 5 (b), (c) and (d), respectively.
3.2. Coverings. In some cases, a branched covering X4 → Y4 can be picturized by using
Kirby diagrams (see [4, §6.3]). One of the simplest cases is when f is an unramified Zd-
covering and Y is drawn as in Figure 6. In this case, we identify D4∪1-handle with S 1×D3,
and there is an obvious d-fold covering S 1 × D3 → S 1 × D3 given by (z, w) 7→ (zd, w).
Each of the remaining handles of Y lifts to d handles of X (Figure 6 is in the case of
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diagram diagram
diag
ram
di
ag
ra
m
3 : 1
Y X
Figure 6. Kirby diagrams representing a Z3-covering X → Y
X−k−2
2 : 1
−k−2
−k−2
Y = E(η−k)
Figure 7. A Z2-cover X over a D2-bundle over RP2
−k−2
−k−2
−2k
full (−k−2)−twist
−k−2
−2k−2
−2k−2
cancelling pair
−k−2
(a) X
full (−k−2)−twist
−k−2
−2k−2(b)
(c)
(d)(e) E(ξ−2k)
slide
isotop
y
isotopy
=
Figure 8. X = E(ξ−2k)
d = 3). The blackboard framing on each knot lift to the blackboard framing in each of the
d corresponding knots in the diagram for X (see [4, §6.3]).
Example 3.5. Let Y be a D2-bundle over RP2 with Euler number −k, drawn as in Figure 5
(b). The double cover X over Y is E(ξ−2k), the D2-bundle over S 2 with Euler class −2k (see
Figures 7 and 8). We call the 1-handle with a 2-handle attached, drawn in Figure 8 (d), a
cancelling pair. Since the core of the 1-handle and the belt sphere of the 2-handle intersect
transversally at only one point, these handles cancel out with each other.
Example 3.6. Let Πk : E(ξ−1) → E(ξ−k) be a map of D2-bundles over S 2, given by z 7→ zk
on each fiber (see [2, §3]). Let Φ : E(ξ−2k) → E(η−k) be the Z2-covering defined in Exam-
ple 3.5. Composite of Φ : E(ξ−2k) → E(η−k) with Π2k : E(ξ−1) → E(ξ−2k) is a branched
Dick-covering over E(η−k).
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In fact, a dicyclic group Dick can be defined as the subgroup of the group of unit quater-
nions generated by
a = e
iπ
k , x = j.
In addition, the dicyclic group Dick is an extension of the cyclic group of order 2 by a
cyclic group of order 2k. This extension can be expressed as the exact sequence
(3.1) {1} // Z2k // Dick // Z2 // {1},
where the map
Z2k −→ Dick =
〈
a, x | ak = x2, xax−1 = a−1
〉
is defined by sending the generator of Z2k to the first generator a of Dicn. Since Z2k is a
normal subgroup of Dick and since the sequences (3.1) is exact, a Z2-covering
(3.2) S 3/Z2k = L(2k, 1)
Z2-covering
−−−−−−−−→ S 3/Dick
is uniquely defined. A Dick-covering S 3 → S 3/Dick is represented by the composite of
the Z2k-covering and Z2-covering. Restricting Φ to the boundary ∂E(ξ−2k) = L(2k, 1) we
obtain the same Z2-covering as (3.2). Thus, the following diagram is commutative;
S 3 = L(1, 1) = ∂E(ξ−1)
Z2k-covering //
Dick-covering ++❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱
L(2k, 1) = ∂E(ξ−2k)
ρ∗

S 1-bundle // S 2
ρ

S 3/Dick = ∂E(η−k) S
1
-bundle // RP2,
where ρ∗ is an orientation-preserving double cover obtained by lifting the double cover
ρ : S 2 → RP2.
3.3. Plumbing.
Definition 3.7. Let E1 → S n1 and E2 → S n2 be two oriented n-disk bundles over S n. Let
Dni ⊂ S
n
i be embedded n-disks in the base spaces and let
ϕi : Dni × D
n → Ei|Dni
be trivializations of the restricted bundles Ei|Dni for i = 1, 2. A plumbing of E1 and E2 is a
2n-dimensional manifold obtained by identifying the points ϕ1(x, y) and ϕ2(y, x) for each
(x, y) ∈ Dn × Dn in the disjoint union of E1 and E2. A plumbing is a smooth manifold with
corners. However, there is a canonical way to smooth the corners, so we may assume a
plumbing is a smooth 4n-manifold with boundary.
Now, we consider 4-dimensional plumbing. Let (An,m1, . . . ,mn) and (Dn,m1, . . . ,mn)
stand for the following weighted Dynkin diagrams:
•
m1
•
m2
· · · •
mn−1
•
mn
•
m1
•
❖❖
❖❖
❖❖
m3
•
♦♦
♦♦
♦♦
m2
•
m4
. . . •
mn−1
•
mn
Definition 3.8. The plumbing of E(ξm1 ), . . . , E(ξmn) along the weighted Dynkin diagram
(An,m1, . . . ,mn) (or Dn) is the 4-manifold obtained by plumbing E(ξmi) in such a way as
the edges of An (or Dn) indicate. The resulting manifold is denoted as P(An,m1, . . . ,mn)
(or P(Dn,m1, . . . ,mn)).
We can draw the Kirby diagrams representing any plumbing of E(ξm1 ), . . . , E(ξmn) along
a weighted Dynkin diagram (see [4, §4.6]). For instance, the plumbing along the weighted
Dynkin diagram (D5,m1, . . . ,mn) is drawn in Figure 9.
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m1
m2
m3 m4 m5
•
m1
•
m3
• m2
•
m4
•
m5 =
P(D5,m1, . . . ,m5)
Figure 9. D5-plumbing
4. Proof of main theorem
We recall the construction of immersions fn and gn. Consider the immersion of E(ξ2)
into R4 [2]. Plumbing copies of this immersion along An−1 or Dn+2, we obtain immersions
P(An−1, 2) := P(An−1, 2, · · · , 2) and P(Dn+2, 2) := P(Dn+2, 2, · · · , 2) into R4. Restricting
them to the boundaries, we obtain immersions:
κA,n : ∂P(An−1, 2) = L(n, 1)# R4,
κD,n : ∂P(Dn+2, 2) = S 3/Dicn # R4.
The immersions fn and gn are the composites of the universal coverings with κA,n and κD,n:
fn : S 3 ։ L(n, 1)# R4,
gn : S 3 ։ S 3/Dicn # R4.
In the proof, we use Kirby diagrams to construct manageable singular Seifert surfaces (that
is, maps whose umbilic points can be easily counted) for immersions from S 3 into R4.
4.1. Type A. The proof is divided into three steps:
(1) We construct an immersion f ′n : S 3 # R4 which is obtained by modifying the immer-
sion fn and for which a manageable singular Seifert surface can be constructed.
(2) We computeΩ( f ′n).
(3) To computeΩ( fn), we find the difference of Ω( fn) and Ω( f ′n).
Step 1. Since constructing a manageable singular Seifert surface for fn is difficult (see
Remark 4.1), instead we construct a singular Seifert surface for an immersion f ′n that is
obtained by modifying fn. Let ♮ denote the boundary connected sum. The 4-manifold
P(An−1, 2)♮(S 2 × S 2)◦ is diffeomorphic to the boundary connected sum of E(ξ−n) and n
copies of CP2◦ (see Figure 10);
(4.1) P(An−1, 2)♮(S 2 × S 2)◦ ≈ E(ξ−n)♮(CP2◦)♮n.
In Example 3.6, we defined the map Πn : E(ξ−1) → E(ξ−n). The map Πn is a branched
Zn-covering with the zero-section of E(ξ−n) being its branched locus: we can define the
branched Zn-covering
Π
′
A,n : E(ξ−1)♮(CP2◦)♮n
2
→ E(ξ−n)♮(CP2◦)♮n
as the connected sum of Πn and the trivial Zn-covering (CP2◦)♮n
2
→ (CP2◦)♮n. It is easy
to see that (S 2 × S 2)◦ can be immersed in R4 and we choose one of them, denoted as
T : (S 2 × S 2)◦ # R4. Let
K′A,n : P(An−1, 2)♮(S 2 × S 2)◦ # R4
be an immersion defined as the connected sum of the immersion KA,n : P(An−1, 2) # R4
constructed in the beginning of this section and T : (S 2 × S 2)◦ # R4. We obtain the map
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1
1
1
1 1
−n+1n−2
(a) E(ξ−n)♮(CP2◦)♮n♮CP2◦
(b)
11
1
1 1
−n
(d)
1 1
1
1
−n+2
1
2
(f) P(An−1, 2)♮CP2◦♮(CP2◦)♮2
1 1
2 2 2 2 2
−1
(e)
1 1
1 2 2 2 2
−1
n−1
(c)
1
1
1 1
1
−n+1
n−2
n−3
n−1
n−2
slide
isotopy
slide
slide sli
de
1
2 2 2 2 2
0 0
n−1
(g) P(An−1, 2)♮(S 2 × S 2)◦♮CP2◦
Example 3.3
Figure 10. Proof of (4.1)
F′n : E(ξ−1)♮(CP2◦)♮n
2
→ R4 by composing Π′A,n and K′A,n;
F′n := K′A,n ◦Π
′
A,n : E(ξ−1)♮(CP2◦)♮n
2 Π
′
A,n
−−−→ E(ξ−n)♮(CP2◦)♮n
≈ P(An−1, 2)♮(S 2 × S 2)◦
K′A,n
# R
4.
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Since the boundary of (S 2 × S 2)◦ is S 3, ∂
(
P(An−1, 2)♮(S 2 × S 2)◦
)
is L(n, 1). Therefore F′n
is a singular Seifert surface for the immersion
f ′n : S 3 → ∂
(
P(An−1, 2)♮(S 2 × S 2)◦
)
= L(n, 1)# R4.
The situation is summarized in the following commutative diagram;
S 3
f ′n
**
 _

universal covering
// ∂
(
P(An−1, 2)♮(S 2 × S 2)◦
)
= L(n, 1)
 _

κ′A,n // R4
E(ξ−1)♮(CP2◦)♮n
2
F′n
==
Π
′
A,n
// E(ξ−n)♮(CP2◦)♮n ≈ P(An−1, 2)♮(S 2 × S 2)◦
K′A,n
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
The immersion f ′n is defined as a modification of the immersion fn. More precisely we
replace κA,n with κ′A,n := κA,n#t.
Remark 4.1. In Figure 10, the transformation from (a) to (f) proves
(4.2) E(ξ−n)♮(CP2◦)♮(n−1) ≈ P(An−1, 2)♮CP2◦.
Since there is a covering E(ξ−1) → E(ξ−k), it seems to be possible that we can obtain a
covering over P(An−1, 2) by deleting one CP2 from (4.2), but it is not a “good” covering.
The reason for that is that the branch locus of the branched covering E(ξ−1) → E(ξ−n) is
included in CP2 corresponding to the unknotted component with framing −1 (the thick-
ened circle in Figure 10 (f)), and because CP2◦ cannot be immersed in R4 the branched
locus of E(ξ−1) → E(ξ−n) should intersect the singular set of the map CP2◦ → R4, and
it would become difficult to examine indices of rank 2 points of singular Seifert surface
E(ξ−1)♮(CP2◦)♮n(n−1) → E(ξ−n)♮(CP2◦)♮(n−1) ≈ P(An−1, 2)♮CP2◦ → R4. In contrast, as we
will see in step 2, it is possible to count the umbilic points of the singular Seifert surface
F′n for f ′n .
Consider the connected sum of P(An−1, 2)♮CP2◦ and two CP2’s. Since CP2#CP2#CP2
is diffeomorphic to (S 2 × S 2)#CP2 (see [9, Corollary 4.3]), we obtain Figure 10 (g). Then
deleting one CP2 in (a) and (g), we have (4.1).
Step 2. We compute the Smale invariant of f ′n . By Remark 2.3 (b), the normal degree of
the immersion κ′A,n : ∂
(
P(An−1, 2)♮(S 2 × S 2)◦
)
# R
4 equals
χ
(
P(An−1, 2)♮(S 2 × S 2)◦
)
= χ
(
P(An−1, 2)#(S 2 × S 2)
)
= n + 2.
Since S 3 → L(n, 1) has degree n, the composite f ′n : S 3 → ∂P(An−1, 2)#S 3 = L(n, 1)# R4
has normal degree
D( f ′n) = n(n + 2)
(see also [12, §IV], [2, Proof of Theorem 1.1]).
The signature of E(ξ−1)♮(CP2◦)♮n
2 is
σ
(
E(ξ−1)♮(CP2◦)♮n
2)
= σ
(
CP2◦♮(CP2◦)♮n
2)
= n2 − 1
by Novikov additivity. Furthermore, since K′A,n : P(An−1, 2)♮(S 2 × S 2)◦ # R4 is an im-
mersion and since Π′A,n is an unramified covering if restricted over CP2◦ (namely, there are
no rank 2 points on the copies of CP2◦), the algebraic number of rank 2 points of the map
F′n = K′A,n ◦Π
′
A,n is
♯Σ2(F′n) = ♯Σ2(K′A,n ◦ Π′A,n) = ♯Σ2(Π′A,n) = −(n2 − 1)
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here the last equality follows from [2, §3, Remark 2.4] (in [2], the mapΠ′A,n|E(ξ−1 ) is denoted
as Πn). Thus the Hirzebruch defect of f ′n is
H( f ′n) = −3σ
(
E(ξ−1)♮(CP2◦)♮n
2)
− ♯Σ2(F′n) = −2n2 + 2
by (2.1). Substituting these values into the formula (2.2), we have
Ω( f ′n) =
(
n2 + 2n − 1, −(−2n
2
+ 2) − 2(n2 + 2n − 1)
4
)
= (n2 + 2n − 1,−n).
Step 3. To determine the Smale invariant of fn, we compute the difference of Smale
invariants of fn and f ′n .
Lemma 4.2. Let M be a 3-manifold of the form S 3/Γ where Γ is a finite subgroup of S 3
and let κ : S 3/Γ = M # R4 be an immersion. Let π : S 3 → M denote the universal
Γ-cover which has degree n = |Γ|. Consider the following two immersions S 3 # R4:
(a) Composite of π with κ;
α := κ ◦ π : S 3 → S 3/Γ = M # R4.
(b) Composite of the connected sum of π and n copies of identity map of S 3 with the
connected sum of κ and another immersion β : S 3 # R4;
α′ := (κ#β) ◦ (π#(id)#n) : S 3#(S 3)#n → (S 3/Γ)#S 3 # R4.
Then, the difference of the Smale invariant of α and α′ is
Ω(α) −Ω(α′) = n · Ω(β).
This holds because Ω is additive under connected sums.
Recall that t : S 3 # R4 denotes the restriction of the immersion T : (S 2×S 2)◦ # R4 to
the boundary. The Smale invariant Ω(t) of t can be computed by the formula (2.2). Since
(S 2 × S 2)◦ # R4 is an immersion, the normal degree and the Hirzebruch defect of t are
D(t) = χ
(
(S 2 × S 2)◦
)
= 3,
H(t) = −3σ
(
(S 2 × S 2)◦
)
− ♯Σ2
(
(S 2 × S 2)◦ # R4
)
= 0
see Remark 2.3 (b). Therefore, the Smale invariant of t is
Ω(t) = (2,−1).
Choose an immersion s : S 3 # R4 of Smale invariant Ω(s) = (−2, 1) (namely s = −t ∈
Imm[S 3,R4]). We will apply Lemma 4.2 to the case where α = f ′n and β = s.
Let π′n denote the connected sum of Zn-covering S 3 → L(n, 1) and n copies of identity
map of S 3;
π′n : S 3#(S 3)#n → L(n, 1)#S 3.
Composing π′n with (κA,n#t)#s we obtain an immersion
f ′′n :=
((κA,n#t)#s) ◦ π′n : S 3#(S 3)#n → L(n, 1)#S 3 # R4,
which corresponds to the immersion α′ in Lemma 4.2. Since s = −t, the im-
mersion (κA,n#t)#s :
(
L(n, 1)#S 3
)
#S 3 # R4 is regularly homotopic to the immersion
κA,n : L(n, 1) # R4. In addition, π′n : S 3#(S 3)#n → L(n, 1)#S 3 is regularly homotopic
to a Zn-cover, so the immersion f ′′n is regularly homotopic to the immersion fn which we
constructed in Section 1 via the plumbing. Therefore, by Lemma 4.2,
Ω( fn) = Ω( f ′′n ) = (n2 + 2n − 1,−n) + n(−2, 1) = (n2 − 1, 0).
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1
1
(a) E∗−n♮(CP2◦)♮(n+2)♮CP2◦
(b) (c)
(d)(e)
(f)
n+1
1
1
n+3
0
−n−2
1
1
n+3
−n−20
1
1
n+1
2
1
1
−n
1
1
n+1
−n
2
2
1
2
2
1
−n
1
1
n
2
2
2 1
−n+1
1 1
(g)
2 22 2 1
−1
2
isotopy
slid
e
isotopy
slide
slid
e
(i) P(Dn+2, 2)♮(S 2 × S 2)◦♮CP2◦
1 0 0
2 22 2 2 2
2
slide
2 22 2 2 2
2
1 1 −1
(h) P(Dn+2, 2)♮CP2◦♮(CP2◦)♮2
Example 3.3
slide
Figure 11. Proof of (4.3)
4.2. Type D. We can compute the Smale invariant of gn in a similar way as for fn.
Step 1. We construct a singular Seifert surface for the immersion that is obtained by
modifying gn (see Remark 4.7 (a)). Let E∗−n denote the 4-manifold obtained by replacing
a 1-handle with a 2-handle with framing 0 in the Kirby diagram representing E(η−n) (see
Figure 5 (b)). Since this replacement corresponds to replacing S 1 × D3 with D2 × S 2, it
does not change the boundary. The 4-manifold P(Dn+2, 2)♮(S 2 × S 2)◦ is represented as the
boundary connected sum of E∗−n and (n + 2) copies of CP2◦ (see Figure 11);
(4.3) P(Dn+2, 2)♮(S 2 × S 2)◦ ≈ E∗−n♮(CP2◦)♮(n+2).
By Example 3.6, we obtained the Dicn-covering
(4.4) Πn ◦ Φ|∂ : S 3 → L(2n, 1) → S 3/Dicn.
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full (−n−2)−twist
−n−2
−2n−2
0
−n−2
−2n−2
0
E(ξ−2n)
−2n
0
−n−2
−n−2
−n−2
0
X′
slide
iso
top
y
isotopy
Figure 12. Proof of Lemma 4.4
Thus, we construct a branched Z2-covering over E∗−n♮(CP2◦)♮(n+2) defined by an extension of
the Dicn-coveringΠn ◦Φ|∂. In order to construct the Z2-covering, we will use the following
Lemma:
Lemma 4.3. We can extend a Z2-covering Φ|∂ : L(2n, 1) → S 3/Dicn to a branched Z2-
covering X′ → E∗−n, where X′ is given by the following Kirby diagram;
−n−2
2 : 1
−n−2
−n−2
Y′ = E∗−n
0 0
X′
Proof. The above diagrams of X′ and Y′ are given by replacing 1-handles of X and Y in
Figure 7 with 2-handles with framing 0. Since this operation dose not change boundaries,
we obtain the same Z2-covering ∂X′ → ∂Y′ = S 3/Dicn as Φ|∂. It only remains to extend
this map in the interior. For the inside of two 2-handles with framing −n − 2 of X′, the
extension is defined by trivial double covering over the 2-handle with framing −n − 2 of
Y′ in. In addition, for the part of 2-handle with framing 0 of X′, the extension is defined
by the map D2 × S 2 → D2 × S 2, (z, w) 7→ (z2, w) (see the right side of Figure 13). This
extension is well-defined on the attaching part. 
Lemma 4.4. Let Xn denote the (S 2 × S 2)◦ or (S 2×˜S 2)◦ according to whether n is even or
odd (see Example 3.4 (c) and (d)). The Z2 cover over E∗−n is diffeomorphic to E(ξ−2n)♮Xn.
Proof. The proof is given by Figure 12. In the second step we use the fact that a component
which is Hopf-linked by an unknotted circle with framing 0 can be separated from other
components by a sequence of handle slides (see [9, Lemma 4.5]). 
By Lemmas 4.3 and 4.4, we obtain the branched Z2-covering
˜Φ1 : E(ξ−2n)♮Xn → E∗−n
that defines an extension of the Z2-covering ∂E(ξ−2n) → ∂E(η−n) = ∂E∗−n.
Next, we consider the branched locus of ˜Φ1. Let h1 denote the 2-handle with framing 0
in the Kirby diagram representing E∗−n.
Lemma 4.5. The branched locus of ˜Φ1 corresponds to the core of the 2-handle h1.
IMMERSIONS OF 3-SPHERE INTO 4-SPACE ASSOCIATED WITH DYNKIN DIAGRAMS OF TYPES A AND D 15
S 1
S 1
S 1 × D3 S 1 × D3 D2 × S 2 D2 × S 2
2 : 1 2 : 1
Figure 13. Z2-coverings and attaching spheres of 1-handle and 2-handle
with framing 0
Proof. We identify D4 ∪ h1 with D2 × S 2. In §3.2, the covering map Φ is defined by
(z, w) 7→ (z2, w) over S 1 × D3 = D4 ∪ 1-handle in X. Thus the map ˜Φ1|∂ = Φ|∂ is defined
by (z, w) 7→ (z2, w) over ∂D2 × S 2 = S 1 × S 2, and ˜Φ1 : D2 × S 2 → D2 × S 2 is also given by
(z, w) 7→ (z2, w) (see Figure 13). The rank of d ˜Φ1 equals 4 outside the 0-section {0} × S 2 in
D2 × S 2 and equals 2 at any point on the {0} × S 2. 
Let Φ1 denote a branched covering over E∗−n♮(CP2◦)♮(n+2) which is defined by taking
connected sum of ˜Φ1 with the trivial Z2-covering (CP2◦)♮2(n+2) → (CP2◦)♮(n+2);
Φ1 : E(ξ−2n)♮Xn♮(CP2◦)♮2(n+2) → E∗−n♮(CP2◦)♮(n+2).
Let
Φ2 : E(ξ−1)♮(Xn)♮2n♮(CP2◦)♮4n(n+2) → E(ξ−2n)♮Xn♮(CP2◦)♮2(n+2)
denote the 2n-fold branched covering obtained by taking the connected sum of the cov-
ering Π : E(ξ−1) → E(ξ−2n) with the trivial 2n-fold covering (Xn)♮2n♮(CP2◦)♮4n(n+2) →
(Xn)♮(CP2◦)♮2(n+2). We obtain the branched Dicn-covering
Π
′
D,n : E(ξ−1)♮(Xn)♮2n♮(CP2◦)♮4n(n+2)
Φ2
−→ E(ξ−2n)♮(Xn)♮(CP2◦)♮2(n+2)
Φ1
−→ E∗−n♮(CP2◦)♮(n+2),
which is defined by composing Φ1 and Φ2 (see Remark 4.7 (b)).
Recall that T : (S 2×S 2)◦ # R4 denotes the immersion that has been chosen in §4.1. Let
K′D,n be an immersion defined as the connected sum of the immersion KD,n : P(Dn+2, 2)#
R
4 (constructed in the beginning of this section) and T : (S 2 × S 2)◦ # R4. We obtain the
map G′n : E(ξ−1)♮(Xn)♮2n♮(CP2◦)♮4n(n+2) → R4 by composing Π′D,n and K′D,n;
G′n := K′D,n ◦ Π′D,n : E(ξ−1)♮(Xn)♮2n♮(CP2◦)♮4n(n+2)
Π
′
D,n
−−−→ E∗−n♮(CP2◦)♮(n+2)
≈ P(Dn+2, 2)♮(S 2 × S 2)◦
K′D,n
# R
4.
G′n is a singular Seifert surface for the immersion
g′n : S 3 → ∂
(
P(Dn+2, 2)♮(S 2 × S 2)◦
)
= S 3/Dicn # R4.
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1
1
n+2
0
−n−2
0 0
2 22 2 2 2
2
E(ξ−2n)
−2n
0
−n−2
1
1
2(n+2)
≈
Φ2
Φ1
h2
h1
Z2n-covering
Z2-covering
4n(n+2)
0
−n−2
2n
0
−n−2
2n
−2n
−2n
1
1
Figure 14. The branched loci of Φ1 and Φ2
The situation is summarized in the following commutative diagram;
S 3
g′n
))
 _

universal covering
// ∂
(
P(Dn+2, 2)♮(S 2 × S 2)◦
)
= S 3/Dicn
 _

κ′D,n=κD,n#t // R4
E(ξ−1)♮(Xn)♮2n♮(CP2◦)♮4n(n+2)
G′n
>>
Π
′
D,n
// E∗−n♮(CP2◦)♮(n+2) ≈ P(Dn+2, 2)♮(S 2 × S 2)◦
K′D,n
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
The immersion g′n is defined as a modification of the immersion gn.
Step 2. We compute the Smale invariant of g′n. The normal degree of g′n is
D(g′n) = deg(S 3 → S 3/Dicn) · D(K′D,n)
= deg(S 3 → S 3/Dicn) · χ
(
P(Dn+2, 2)♮(S 2 × S 2)◦
)
=4n · (n + 5).
Since the signatures of S 2 × S 2 and S 2×˜S 2 equal 0, the signature of
E(ξ−1)♮(Xn)♮2n♮(CP2)♮4n(n+2) is
σ
(
E(ξ−1)♮(Xn)♮2n♮(CP2)♮4n(n+2)
)
= − 1 + 0 + 4n(n + 2)
=4n2 + 8n − 1.
By [2, Lemma 3.1], Lemma 4.5 and Lemma 4.6 below, the branched loci of Φ1 and Φ2 are
contained in some open neighborhoods of the core of the corresponding 2-handles h1 and
h2 drawn in Figure 14 (corresponding to the thickened circles). Therefore, the branched
loci of Φ1 and Φ1 ◦ Φ2 do not overlap in E∗−n♮(CP2◦)♮(n+2) ≈ P(Dn+2, 2)♮(S 2 × S 2)◦ (see
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ρt
t
1
O 1
2
c 1
Figure 15. The function ρ
Figure 14), so the algebraic number of rank 2 points of composite Φ1 ◦ Φ2 is given by
deg(Φ2) · ♯Σ2(Φ1) + ♯Σ2(Φ2) by Lemma 2.6. Thus, the algebraic number of rank 2 points
of the map G′n = K′D,n ◦ Π
′
D,n is
♯Σ2(G′n) = ♯Σ2(K′D,n ◦ Π′D,n) = ♯Σ2(Π′D,n)
= ♯Σ2(Φ1 ◦ Φ2) = deg(Φ2) · ♯Σ2(Φ1) + ♯Σ2(Φ2)
= 2n · 0 − (2n)2 + 1 = −4n2 + 1.
Thus the Hirzebruch defect of g′n is
H(g′n) = −3σ
(
E(ξ−1)♮(Xn)♮2n♮(CP2)♮4n(n+2)
)
− ♯Σ2(G′n)
= −8n2 − 24n + 2
by (2.1). Substituting these values into the formula (2.2), we have
Ω(g′n) =
(
4n(n + 5) − 1, −(−8n
2 − 24n + 2) − 2(4n2 + 20n − 1)
4
)
= (4n2 + 20n − 1,−4n).
Step 3. By Lemma 4.2 and the proof of type A, the difference of Smale invariants of gn
and g′n is
Ω(gn) = Ω(g′n) − 4n · Ω(t) = (4n2 + 12n − 1, 0).
This completes the proof, and there remains only the following:
Lemma 4.6. Let Φ : D2 × S 2 → D2 × S 2 be a map given by (z, w) 7→ (z2, w). Then,
♯Σ2(Φ) = 0.
Proof. Let ρ : [0, 1] → [0, 1], t 7→ ρt be a smooth function such that for a small positive
number c,
(i) ρt = 1 for 0 ≤ t ≤ c,
(ii) ρt = 0 for 12 ≤ t ≤ 1,
(iii) ρ′ < 0 for all c < t < 12 ,
as shown in Figure 15. The function ρ will be use to perturb Φ with its values near the
boundary fixed.
The first component of Φ is identity, and we consider the second component. Define
˜Φ : D2 → D2 by,
˜Φ(z) = z2 + ρ|z2| · z.
If we put z = x + iy, then we have
˜Φ :
(
x
y
)
7−→
(
x2 − y2 + ρx2+y2 · x
2xy + ρx2+y2 · y
)
.
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The Jacobian matrix J ˜Φ is
J ˜Φ =
 ρ
′
x2+y2
· 2x2 + ρx2+y2 + 2x ρ′x2+y2 · 2xy − 2y
ρ′
x2+y2
· 2xy + 2y ρ′
x2+y2
· 2y2 + ρx2+y2 + 2x
 .
Then, the rank of J ˜Φ is not zero. Indeed, since ρ|z2| = 1 or 0 on a small neighborhood of
0 ∈ D2 or near the boundary of D2 respectively, we can check that the Jacobian
∣∣∣J ˜Φ∣∣∣ at any
point in those areas are not zero. In addition, if we assume that the Jacobian matrix J ˜Φ is
zero for some z with c <
∣∣∣z2∣∣∣ < 12 , then
ρ′
x2+y2
· 2x2 + ρx2+y2 + 2x = 0
ρ′
x2+y2
· 2xy − 2y = 0
ρ′
x2+y2
· 2xy + 2y = 0
ρ′
x2+y2
· 2y2 + ρx2+y2 + 2x = 0.
This implies x = y = 0. However, this is inconsistent with c <
∣∣∣z2∣∣∣ < 12 . Thus the map ˜Φ has
no rank 2 points. Since ˜Φ is homotopic to a map given by z 7→ z2, we have ♯Σ2(Φ) = 0. 
Remark 4.7. In Figure 11, the transformation from (a) to (h) proves
(4.5) E∗−n♮(CP2◦)♮(n+1) ≈ P(Dn+2, 2)♮CP2◦.
By the construction of the map Π′D,n = Φ1 ◦ Φ2 and Figure 14, it seems to be possible
that we can obtain a branched Dicn-covering over P(Dn+2, 2) by deleting one CP2 from
(4.5), but it is not a “good” covering. The reason for that is almost the same as the case
of An. Therefore we consider the immersion g′n which is defined as a modification of the
immersion gn.
Consider the connected sum of P(Dn+2, 2)♮CP2◦ and two CP2’s. Since CP2#CP2#CP2
is diffeomorphic to (S 2 × S 2)#CP2 (see [9, Corollary 4.3]), we obtain Figure 11 (i). Then
deleting one CP2 in (a) and (i), we have (4.3).
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